We have examined the coupled system of the dilaton gravity and the CP N −1 theory known as a model of the confinement of massive scalar quarks. After the quantization of the system, we could see the quantum effect of the gravitation on the coupling constant of CP N −1 model and how the coupling constant of dynamically induced gauge field changes near the black hole configuration.
Introduction
As for the quantum gravity, much progress has been made in the two dimensional case and it becomes being possible to see the quantum effects of the gravitation on the matter system in terms of the techniques developed in the string theories. An intersting discovery is the universal effect [1, 2, 3] on the renormalization group equations of the matter field theory which is renormalizable in two dimension. The word universal means that the modification caused by the gravitation depends only on the gravitational model and does not depend of the models of the matter fields. Among the models of the 2d gravity, the dilaton gravity is tempting since it provides the black hole configuration [4] even if it is quantized [3] . So, it is possible to examine the effects of the back ground black holes on the quantities of the matter system.
As for 2d matter field theory, the CP N −1 model is intersting since it has many similar properties to the 4d Yang-Mills theory; conformal invariance, asymptotic freedom, dimensional transmutation, instanton configurations and confinement. So, to study the coupled system of the dilaton gravity and the CP N −1 model 2 could
give some clue to the effects of the quantum gravitation and of the black holes on the Yang-Mills theory. In four dimensions, there were the renormalization group analyses [5, 6] of matter theories in the curved space and the β-functions were evaluated as a function of the scalar curvature (R). The R-dependence of the β-functions has been evaluated through the one-loop corrections of the matter fields in a special way, but the quantum gravity has nothing to do with this calculation. In [6] , the case of the pure Yang-Mills theory has been examined in the curved space and the resultant β-function shows the asymptotic freedom with respect to |R|.
In the two dimensions, there is no physical degree of freedom of gauge field except for the topological Coulomb force. Then we can not perform the same calculation with ref. [6] in two dimensions. So we consider here CP N −1 model, which contains many dynamical degrees of freedom and its properties are similar to 4d Yang-Mills theory, instead of the 2d Yang-Mills gauge theory in order to see the matter loop correction in a curved space. On the other hand, we know that the gauge fields are dynamically generated in this model, and the long range force mediated by this gauge field is considered to be responsible for the confinement of the scalar quarks.
In this sense, we can examine the gravitational effect on the gauge coupling constant in the CP N −1 model. 2 In general, CP N −1 model is considered for large N, and it includes many scalar fields. But the string susceptibility of this coupled system is real because of the characteristic property of the dilaton gravity [3] .
The purpose of this paper is to study the CP N −1 model coupled with the dilaton gravity. Quantization of this system is done according to [3] in order to introduce the correct quantum measure. Since CP N −1 model is classically conformal-invariant, this system seems to be decoupled with the gravitation in the conformal gauge. However, we can see that it couples with the conformal mode through the dressed factor when the theory is quantized. Due to this factor, we can see the quantum gravitational effect on the renormalization group equation of the coupling constant of the CP N −1 model. On the other hand, the gravitational sector provides the black hole solutions even if the theory is modified due to the quantization [3] , then we can furthermore see how the CP N −1 matter system is affected by the background black hole configurations. This is performed by the study of the quantized effective theory in terms of the 1/N expansion, and it will be shown that the long range force of the induced gauge field is largely affected.
The CP N −1 model is a kind of a non-linear σ model which can be formulated as the limit of λ → ∞ of the following linear theory,
where φ is N × N traceless Hermitian matrix. The potential TrP (φ) is taken so that its minimum is realized by
where z i are N-dimensional complex scalar fields with the constraint,
and g 0 is the coupling constant. Then the non-linear form of the CP N −1 model is written as follows,
where
For the sake of the later convenience, we rescale z i as
Then, (3) is rewritten as,
where j µ is the same form with (4) . While the constraint is changed as
This model has several intersting properties which have been cleared through the 1/N expansion; (i)The scalar fields z i acquire their mass, and its scale is characterized by the scale of the dimensional transmutation which occurs in this theory.
(ii)The second notable point is that the massive scalar fields are confined by the long range force of the induced gauge fields. More details are seen in [7] .
Since this theory is classically conformal invariant, it decouples from the gravity for the conformal gauge, g µν = η µν e 2ρ . However this is not true in the quantum theory since the theory would be corrected through the dressed factor which should be produced by the quantum gravitational effect as shown below.
Dilaton gravity
Here we consider the dilaton gravity ,which couples with CP N −1 model, because of the following two reasons; (i)The string susceptibility would be real in this coupled system [3] .
(ii) The influence of the non-trivial background, the black hole, on the CP N −1 system can be seen through the effective theory obtained after the quantization. The quantized dilaton gravity contains the same black hole configuration with the one given by the classical theory [3] . The action of the dilaton gravity is written as
where φ represents the dilaton field and ∇ µ denotes the covariant derivative with respect to the 2d metric g µν . However we use another form of action, which is essentially equivalent with (7) and it provides the static black hole solutions for non-zero µ, for the sake of the convenience of our calculations. It is written as [3] ,
We can see the equivalency of this model and (7) by integrating over the auxiliary fields λ and χ and by interpreting ω as exp (−φ). So it is trivial to see that this action provides the static black hole solutions as long as the cosmological constant µ is non-zero. The reason why we choose the action (8) instead of (7) is as follows.
Although it is not easy to quantize (7), we can make a systematic procedure of quantization in our equivalent model (8) . Next we consider the coupled system of the CP N −1 model and the dilaton gravity.
Quantized action
Here we consider the coupled system,
where S nli = d 2 zL nli . According to [2] and [3] , the quantization with respect to the gravitation is performed. We notice here that the dynamical modes of CP
system are the 2N − 2 real scalars [11] . The two redundant freedoms of z i are eliminated as follows; (i) Fix the over all phase of z i so that z N is real, then (ii) remove Rez N in terms of the constraint
Then we obtain the following form of S nli ,
Here we take the conformal gauge, g µν = e 2ρĝ µν with a fiducial metricĝ µν . Due to the metric invariance, the fully quantized action is obtained by imposing the conformal invariance with respect to the fiducial metric [8] on the action. According to this idea, we firstly obtain the effective action for µ 2 = 0 and g 2 0 /N = 0 limit, where the system is free from the interactions. We adopt the following definition of the norms for each variables,
Then the quantized effective action could be obtained in the following form,
and
where 1 in G
ab denotes the unit matrix of dimension 2N − 2 and
Here the value of κ is the coefficient of the Liouville action and it is determined by the ghost of the diffeomorphism gauge fixing and other fields. The next task is to obtain the quantized action of non-zero µ 2 and g 2 0 /N, which are assumed here to be small. There are two parameters in this theory. For the sake of the simplicity, we assume here
and expand the effective action in the series of µ 2 and g 2 0 /N. It is formally written as
The reason why the terms of order 0(µ 2 ) in G ab and Φ and the term of order g The dressed factors of the terms being proportional to µ 2 and g 2 0 /N in eq. (8), and the higher order terms of S eff are obtained by solving the following equations derived from the target space action, eff is obtained by solving the lowest order equation of (21). And the solution is the same form with the one given in [3] , it is written as
The third term S
eff can be obtained in a similar way performed in the non-linear σ model [2] . We introduce the dressed factor as,
where L nli is given by (3). Then, rescale z i as shown above and parametrize them by f i as given in eq. (10), and we obtain the following expansion of (25) with respect to g 2 0 /N,
where we have assumed the following form of expansion for γ,
Then, S 
from eqs. (11), (12) and (26). Then the equations to be solved are written as follows,
where R (1) ab denotes the Ricci curvature of the order O(g 2 0 /N) and it is written as,
Solving these equations, we obtain the following solutions,
We notice here that A is positive and this fact is important.
Gravitational effects on CP N−1 theory
From (33), we can see the gravitational dressing of the renormalization group equation of g 0 , the coupling constant of the CP N −1 , according to the procedure of [2] .
Consider the action (25), then make the shift of the physical scale, ρ → ρ + 2dl/η, where η is defined by the dressed factor of the cosmological constant in the form e ηρ . Then, this shift is absorbed by the parameters of the theory and we obtain the following β-function,
The factor η is obtained by solving the lowest order of eq.(21) whereT = e ηρ [2] , and it is given as η = 2/κ. The result (34) is consistent with the previous analyses [2, 3] . This β-function is equivalent with the one given in [10] without gravitation except for the gravitational dressed factor 2/η. 5 This is the universal feature of the β-functions which have been obtained with quantum gravitation. From (32), the shift of the background charge, which is read from the coefficient of ρ in Φ, is also observed, and it is consistent with the so called c-theorem [9] . Next, we investigate the effect of the background manifold on the effective CP N −1 model. We restrict our attention to the case of small µ 2 . Then the effective action can be approximated by the following,
The terms of the right hand side are given by (14), (24) and (25) respectively. With respect to the last term, S dressed nli
, we supposed that all the higher order corrections are included in the factor γ. This assumption is correct at least to O(g The theory given by (35) provides a black hole configuration for z i = 0, and we obtain the same form of the curvature with the classical dilaton gravity as shown in [3] . With respect to the CP N −1 part, the instanton solutions exist as the nontrivial configuration of z i , but we do not consider them here in order to consider the black hole configuration as a vacuum configuration of the coupled system. We do not consider here the both configurations of black hole and the instanton. We here investigate the dynamical properties of CP N −1 through the 1/N expansion since the essential features of the CP N −1 model have been seen by the 1/N expansion [7] rather than the investigation through the instantons [10] . We notice here that we can see the effect of the background manifold on the CP N −1 part in the conformal gauge after the quantization of the gravitation for the first time. In this sense, this effect can be said as a quantum gravitational effect. We set the fiducial metric asĝ µν = η µν and introduce the auxiliary field A µ as follows,
The integration over A µ leads to the original effective action. Further, we add the term
to L z by using the lagrange multiplier σ in order to provide the constraint for z i . Then the integration over z i and z † i has been performed and the following action is induced,
This action can be separated into two parts, (i) A µ independent and (ii) A µ dependent terms, and they are denoted by S σ and S A respectively, namely
These induced actions are estimated here for small γ, this assumption is valid for small g 2 0 /N since γ is expanded by the power series of g 2 0 /N as shown above. After the calculation of S σ , we obtain the effective potential for σ,
where Λ denotes the cutoff. From this, the renomalized coupling constant at mass scale M is defined by
and we obtain
This result is different from the running coupling constant, which is obtained in the flat space-time, by the factor exp (γρ). Considering the black hole configuration [3] , this factor can be written in terms of the scalar curvature, R, and the black hole mass, M bh , as follows,
Since R diverges at the singular point, just on the black hole, then the coupling constant approaches to zero near this point. This implies the asymptotic freedom of the CP N −1 coupling constant when the system approaches to the black hole. This property is similar to the 4d Yang-Mills case where the effective gauge coupling constant e ef f is given [6] as follows with the bare coupling e 0 , 
where C is a constant depending on the gauge group and R 0 denotes some scale. This result shows the asymptotic freedom of the gauge coupling constant with respect to the scalar curvature. However we should compare the result (45) with the effective gauge coupling constant, which is dynamically induced in CP N −1 model, rather than g 0 , because the induced gauge interaction is responsible for the confinement of the scalar quark z i . This point can be examined by calculating the A µ -dependent part S A . We perform the calculation of this action after replacing σ by its extremal point, σ 0 , which is obtained from V eff given in (41) as,
This is a dimensional transmutation. The dimensionless coupling constant g 0 has been replaced by the dimensionful parameter σ 0 , which is invariant under the renormalization group transformation.
S A is expanded by γ as follows,
Using the approximation, exp (−γρ) ∼ 1 − γρ, and taking the low momentum limit 6 of the inner propagators of the scalar fields z i [11] , the following result is obtained,
For γ = 0, this is equivalent to the induced kinetic term of gauge fields which is given in [11] , and the effective coupling constant of the long range force is identified with σ 0 . We can see that the dressed factor exp (−γρ) appears in S A and the effective gauge-coupling constant is changed to 
when the gravitation is switched on. Near the singularity of the black hole, σ 0 approaches to the constant M 2 as seen from (47) and (44), then g 2 eff diverges with the increasing curvature. This fact implies that the massive charged particles z i are very strongly tied by the long range force. This result seems to be in contradiction to the case of the 4d Yang-Mills case of [6] .
Concluding Remark
CP N −1 model has been studied by combining it with the dilaton gravity which provides the black hole configuration. The quantum effect of the gravitation produces the dressed factor for the CP N −1 part, and we can see the gravitational effects on the coupling constant of the model due to this factor. The resultant renormalization group equation receives the common correction to the case of other interacting matter fields, Sine-Goldon and O(N) non-linear σ model. Further, we could see the effect of the black hole configurations on the long range force which is dynamically induced in CP N −1 model and it is responsible for the confinement of the massive scalar quark. Near the black hole singularity, this force becomes very strong. This result seems to be curious since the gauge coupling constant shows asymptotic freedom with the magnitude of the scalar curvature in four dimension.
